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Abstract 

We study an eigenvalue problem for functions in and we find sufficient con- 
ditions for the existence of the fundamental eigenvalue. This result can be ap- 
plied to the study of the orbital stability of the standing waves of the nonlinear 
Schrodinger equation. 
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1 Introduction 

In this paper, we study the following eigenvalue problem: 

~Au + F'{u)^Xu 

u>0 ^ ' 

where u e H^{R"^) and F : K ^ M be a even function such that F{0) = 
F'{0) = F"(0) = 0. 

In particular, we are interested in the existence of the fundamental eigen- 
value; namely, the Lagrange multiplier of the following minimization problem: 

Minimization problem.' Find the minimum point of the functional 

J{u) = / -\\/u\^ + F{u)dx 
Jn 2 

constrained to the manifold 

Mp = {veH\R''), Ml^^p}. 

One of the motivations in studying the above problem is the application to 
the following nonlinear Schrodinger equation: 

,^ + A^I;-W'm^^=0 (1) 
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where 

W{u) = ^nu^ + F{u). 

We get the following result, which is a generalization of Theorem II. 2 of 
Cazenave and Lions |3J: 

Theorem 1 The nonlinear Schrodinger equation admits orbitally stable 
standing waves if the above minimization problem admits a solution with A < 0. 
These standing waves have the form 

i^{t,x) = u{x)e-"^^ 

where u = A — 57, and where u and A are the first eigenfunction and the first 
eigenvalue of problem (Q) respectively. 

We notice that if A > 0, it has been proved in 2 that Q has no radial 
solution. Clearly the above result has a limited interest if we do not know when 
the fundamental solution of Q exists. 

Now we will state the main result of this paper concerning problem Q . We 
state the hypothesis 

< ci|s|«"^ +C2|sr"^ for some 2<q<p<2*. (Fp) 

We also assume 

F{s) > -cis^ - C2|sp for some ci,C2 > 0, 7 < 2 + (Fq) 

and 

there exists sq 6 such that i^(so) < 0. (Fi) 

Theorem 2 Let F satisfy {F^), ffpl ) and (F^. Then, 3 p such that V p > p 
there exists u £ satisfying 

J(u) = inf Jiv), 

{veHK \\v\\^2=p} 

with ||'S||^2 = p. Then, there exist A and u that solve Q), with A < and u 
positive radially symmetric. 



In order to have stronger results, we can replace ^F^ with the following 
hypothesis 

F{s) < -s^+', < e < for small s. (F2) 

In this case we find the following results concerning the existence of the 
minimizer of J{u) for any p. 

Corollary 3 If {F\,), ffo[ ) and (^]) hold, then for all p, there exists u G , 
with ||M||i2 — p, such that 

J{u)^ inf J{v). 

{vem,\\v\\^2=p} 

In particular, for iV = 3 we have 
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Corollary 4 Let N = 3. If and ^ hold and F £ , with F"'{0) < 0, 



then for all p, there exists u G with \ \u\\]^i ~ p such that 

J{u)^ inf J{v). 

{vem,\\v\\^2=p} 

There is a lot of literature for nonlinear eigenvalue problems. We refer to 
Rabinowitz [10 and the references therein. However, as far as we know, there 
are no results in the case when the nonlinearity is not a compact perturbation 
of the Laplace operator. 

In [5], in order to prove the existence of a solution for the problem Q with 
A negative and fixed, the authors used a slightly weaker version of \Fp\ and a 
slightly different version of \Fi\ . In fact, ( |foD is used in ^ in order to obtain 
that the Cauchy problem associated to equation ([T]) has a solution for all time, 
and also to prove the orbital stability of the standing wave relative to the ground 
state solution. 

The paper is organized as follows. In section [5] we prove theorem [21 In 
section |3] we prove theorem [1] This theorem is a generalization of theorem II. 2 
of [3]. As a matter of fact, theorem [1] can be obtained following the same type 
of argument as in Theorem II. 2, as claimed in [3]. Here we give a complete and 
different proof which is based on the " splitting lemma" . In the appendix we 
prove the splitting lemma in the form used here. 

2 Proofs of the main results 

Lemma 5 If F satisfies iFi\} , then 3 p such that V p > p 

inf J{u) < 0. 

\W\\l2=P 

Otherwise, if F satisfies (^JP then inf Jiu) < for all p. 

Proof. We build a sequence of radial functions u„ in such that J(u„) < 
for large n. The sequence is defined as follows: 

So r < i?„; 

Unir) = { So- so(r - R„) i?„ < r < i?„ + 1; (2) 
r> Rn + l. 

We show that J(m„) < when i?„ +oo. Notice that |Vm„P = = 
Sq. We have 

-\\7unf + F{un)dx 



Jr„ 



dUn ^ 



dr 



sup F(s) 

s|e[-R„,-R.„+i] 



r- 'dr + C2 I F{sa)r'^-^dr 





with Ci and C2 strictly positive. This proves the first statement. 
Now, we want to prove that if holds, then 



inf J{u) < 

l"lll,2=P 
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for all p. We use the same approach as before; we build a sequence of radial 
functions that are constant in a ball with a suitable cut-off. Let u„ be 



(3) 







r > 2R. 



■n • 



We study J{un) when i?„ +00; and, due to the constraint ||m„||l2 — p, 
we have 

s^R^ 



lim « = 7 > 0. 

Rn^OO 



(4) 



We can choose i?„ sufficiently large such that F(u„) < 0. Therefore, 

1, 



J{Un) 



-|Vm„| + F{un)dx 



= C 

+ C 

< c 

= c 





du 
dr 




r2R„ 






/ FK)r^-idr < 


Jr„ 






/•2R„ 

Jr„ 


du 
dr 


2 


r2R„ 


„2 




Jr„ 


j^r^-'dr + C 










2 _ 






2 _ 





where C are positive constants. By (U) we have i?„ = 0(sn^^^) and thus 

JK)<o(4/^)-o«)^o^, (5) 

ifO<e<4/iV. ■ 

Remark 6 In the proof of previous lemma we have used radially symmetric 
functions. So, in the same way we can obtain that 



inf J(u) < 

{«G//i,||u||^2=p} 

with the same hypothesis. 

Proposition 7 // there exist ci , C2 > such that 



(6) 



F{u) > -ciu^ - C2u'^, 2 < 7 < 2 



N 



(Fo) 



ther 



1. inf J{u) > —00, and 

\H\l2=P 

2. any minimizing sequence Un, i.e. J{un) — > c, \\un\\L'^ = p, is hounded in 
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Proof. We apply the Sobolev inequality (see[T3]) 



\u\\li < b„\\u\ 



L2 



N__N_ 
2 

Ll2 



(7) 



that holds for 2 < q < 2* when N > 3. 

From equation ([T]) we have that any function u such that 11^11^2 = p fulfills 
the following equation: 



Ml, < bqJ\Vu\\j^l 



-N 



Now we notice that, by (|5]), for all u G with ||M||i2 = p 
J{u) > J —\\7u\'^~ciu^ — C2u'^dx 



(8) 



(9) 



If 



-yN 



> J -|Vu|^da; - C26^,p ( / |Vurdx 
iV < 2, i.e if 7 < 2 + we have 



2l|Vu||i2+0(||Vu|li2). 



cip 



(10) 



The proof follows easily. ■ 
Lemma 8 Let hold, and let u 0, u e H^{R^) and A e R 6e such that 

- Au + F'iii) = \u. (*) 

// 

J[u)^ I i|Vup + < 0, (11) 



then 



A < 0. 



Proof. By assumption (Fp), if m £ iJ^ solves Q, by a bootstrap argument, 
u G if;Q^(M^). Furthermore, since F{u) e L^, we can apply the Derrick- 
Pohozaev identity (see HEHl]) 



2N 

N -2 



F[u)dx. 



(12) 



The function u satisfies the equation — Aw + _F'(u) — Xu. Therefore, by integra- 
tion, we get 

1 



Xv?' — F'{u)udx. 



By equation (|12l) we have 

iV-2 



2N 



AS^ 



and subtracting ([T^ from ([Tl)) . we get 
1 



JV ./niV 



A^-2 1 
^iV 2 



— F{u)dx, 



(13) 



(14) 



ii^'(u)u-i^(S). (15) 
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This proves that 



-F'{u)u - F{u)dx < 0. 



On the other hand, by (HIl) and ^ 

2J{u) + / F'{u)u ~ 2F{u)dx = A / u'^dx, 

Jrn Jrjv 

and thus we have A < 0. 

Remark 9 With the same argument as before, we can prove that 



(16) 



(17) 



-A 



dx^ 2*F{u) - F'{u)udx 



N -2 

without any assumption on the sign of J{u). Indeed, we have, as above. 



(18) 



Wurdx = 



-A f u^dx — 



N-2 ./»« N-2 
\'Vu\'^dx = I — F' {u)udx. 



F{u)dx (19) 



(20) 



By subtraction we obtain l_?<$|) . Notice that this is an Ambrosetti-Rabinowitz 
type inequality. 

Remark 10 We notice that the infimum of J{u) for \\u\\i^2 ~ p,u G H^{M.^) 
or ||m||l2 — p^u^ H^(R^) has the same value. If we call 

c^M{J{u), ||w||l2 = p,M e iji(R^)} 
c^ = mf{J(u), \\u\\l2 = p,ue H^,{K^)} 

we have c = c,. . Clearly c < Cr and, if m„ > is a minimizing sequence for c, we 
denote by u* the Schwartz spherical rearrangement o/m„. Now, w* G II^{R^), 
|m* 11^2 = p, and J{u*^) < J{un), thus u* is a minimizing sequence. Therefore, 

c = Cr. 



Proposition 11 Let fj'pD and [Fp] hold; and Let Un be a minimizing P-S se- 



quence such that J{un) —J- c, where c — inf||u||^,=p Ji"^) < 0- Then there exists 
a sequence A„ of Lagrange multipliers such that 



~ AUn + F'{Un) - XnUn = (T„ ^ 0. 

We have that A„ is bounded in R. 

Proof. By (PT|) and Proposition [71 we have 



(21) 



|Vu„P + F'{u„)Un - XnU^dx 



We have 



< ||(T„||//-l||w„||_H-l -> 0. 



|VU„|^ + F'{Un)Un - XnU^dx = 

|Vu„p + 2F(un) - 2F{un) + F'(u„)u„ - Xnuldx 

2J(U„) - XnP^ + / F'{Un)Un - 2F{Un)dx ^ 0. 
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Furthermore, we have that J{un) is bounded; and also by (Fp ), 

F'{Un)Un - 2F{Un)dx 



IP 



< +00. 



Then A„ is bounded and statement is proved. I 

Proof of Theorem\^ For the Palais principle the critical point of the functional 
on the manifold {||m||^2 = p, u G -ff^} ^-''^ ^^iH critical points on the manifold 
{||u||i2 = u ^ H^}. Remark 1 1 01 assures that the minimizers of the functional 
on the manifold {||u||i2 = p, u € H^} are still minimizers of the functional in 
H^. So, we study the existence of minimizers in Hl^:. 

Let Un be a minimizing sequence such that ||u„||^2 — p; F(s) is an even 
function, we can even take m„ > 0. By Lemma O we can take p sufficiently 
large such that J{un) c < Q. By the Ekeland principle, we can assume that 
Un is a Palais-Smale sequence for the functional J restricted on the manifold 

||Mn||L2 = P- 

By Lemma [7] and Proposition u„ is bounded in H}. and A„ is bounded 
in R. We have 

A„ A 

Un u weakly in H^{R^) 

Un^u strongly in LP(K^), 2 < p < 2* 

Un ^ u strongly in L^{B), B compact 2 < p <2* . 

Moreover, for any radially symmetric function we have the following decay when 
|a;| — 00: 



u„(x)| < a ^"'p.^i for > (3 



where a,/3 depend only on N (see for instance 



(22) 



By {Fp\, it is easy to see that 

- Au + F'{u) ^Xu. (23) 
Indeed, we have for any ip E C^{M.'^) radially symmetric 

VunVipdx — / F' {un)ipdx — A„ / Unfdx — > (24) 



as n +00. By [Fp], we have that 



F'{Un)^^ / F'{u)^ 



Then, as n +00, 



VunVipdx — / F'{un)ipdx — A„ / Unfdx 



— > / WuVipdx — I F' (u)(pdx — A / uipdx. 



(25) 
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(26) 



We show that u ^ {). 

Indeed, the Neminski operator 

F : L\m.^) ^ L\m.^) 2<t<2* 

is continuous by {Fp) and u„ — > u in i*(M^), 2 < t < 2* . Hence we have 

i / |VmP + / F{u)dx < hm J(m„) = c < 0, 

which proves that u ^ 0. 

At this point, we have that it ^ is a weak solution of 

-Au + F'{u)^\u (27) 

and that 

J{u) < 0. (28) 

Thus the hypotheses of Lemma [5] are fulfilled, and A < 0. 

Considering two functions m„ and Um in the minimizing P-S sequence, we 
have 

~AUn + F'{Un) - XnUn = (T„ 
-Au,„ + F'{u„i) - KlUm ^ Cr„j 0. 

By subtraction we get 

- A(u„ - Um) + F'{Un) - F'{Um) " A(u„ - Um) ^ 0, (29) 

and we obtain 



|V(u„-Um)| dx+ {F'{Un) - F'{Um)){Un-Um) - HUn-Um) dx ^ 0. 

(30) 

On any compact ball B we have, by standard arguments, that 

{F'{Ur,)~F'{Um)){Un~Um)^0 

1 

\{Un — Um)^dx — ?► 0. 

JB 

Then, 

/ \\7{Un-Um)\^dx + / (F'iUn) ~ F'{Um)){Un-Um) - (31) 

- / A(u„ - Um)'^dx 0. 
By lemma m we have A < and 

{F'(Un) - F'{Um)){Un - Um) - A(u„ - Um)"^ dx = 
{F"{9Un + (1 - e)Um) - X){Un " Um)^dx. (32) 



Thus, remembering that F"(0) = and due to ([221), we have F"{eun + (1 - 
9)um) « 1, and 

F"{eun + (1 - 9)u„,) - A > (33) 
for B sufficiently large. By equation (150]) we get 

\\7{Un - u,n)\'^dx ^ (34) 



\{un ~ u„i)\'^dx 0. (35) 

Then the sequence {u„}„ is a Cauchy sequence in H^{M.^); thus u„ u strongly 
in iJi(R^) and ||w||l2 = p. 

■ 

The proofs of Corollary |3] and Corollary |4] are straightforward. Moreover, 
we prove a non existence result when F{s) — with 2 < p < 2* . 



Remark 12 Let F satisfy [Fp) and ffpl ). // 



< 2F{s) < F'{s)s for all s (36) 

then (0) /jas no nontrivial solution in H^{M.^) for all A. The proof is a conse- 
quence of the Derrick-Pohozaev identity. 

Let us suppose that there exists u G 77^ (M^), m 7^ 0, and A such that (0) 
holds: by bootstrap arguments we have that u G H^''^ for all q and we can apply 
the Derrick-Pohozaev identity. Therefore, by U6\) no solution of (0) can satisfy 

3 Stability of the nonlinear Schrodinger equa- 
tion 

We consider the nonlinear Schrodinger equation 

+ - F'(i/;) = (t,x)eM+xM^ 

(t) 

■ip{0,x) = i/joix) 

where F : C — > M is a an even radial function such that F(|C|) satisfies 
(|-FoD,(i^p ) and ( |fiD . It is well known that there exists a unique solution ip G 



C([0, +00), H^{R^)), see [IHEIE]. We notice that problem (P reduces to ^ in 
the case f2 = 0. It is easy to see that this hypothesis is not restrictive. Setting 
i/) = ?i,(t, a;)e''^^*'^^ we have that any solution of ([f]) verifies 

(37) 

udtS -Au + u\\7S\^ + F'{u) = 0. 

It is well known that (|57| are the Euler-Lagrange equations of the action func- 
tional given by 

A{u,S)^ ff ^u^dtS+^\\/u\^ + ^u^\'^S\^ + F{u)dtdx. (38) 
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Since the energy is given by 

E{^) = E{u,S) ^ J ^\\7u\^ + ^u^\\7S\^ +F{u)dx, (39) 



any solution of (|37l) satisfies 



— / u{t, x)^dx — 
dtj ' 



(40) 



jE{u,S)^Q. (41) 

Hence, for any solution of ([f]), equations (|40|) and (|4T|) become 

llV'(^, •)IIl2(r«) = ||'(/'o(-)IU2(RiV) (42) 
E{^(t,x)) ^ Eii^o) (43) 

for all i. 

A solution of ([f]) is called stationary solution if ?/; = v{x)e~'^'^*' . Such a 
solution satisfies the nonlinear eigenvalue problem 

- Au + F'(w) = w-y. (*) 



By Theorem [21 if F satisfies \Fq\ , ( |FiD and (Fp ), there exist (w, A) that satisfies 
such that 

Jiu) = inf J{v), 

{vem, \\v\\^2=p} 

with ||u||l2 = p, for some p, and A is a Lagrange multiplier. So we have that 
ip — u(a;)e^*^* is a stationary solution of ([f]) with initial condition ?/'(0, x) — 
u{x). Notice that for stationary solution, E{-ip) — J{u). Indeed, we have 

i;(u(i,x)e*^(*'")) = J{u{t,x)) + u^\VS\^dx (44) 

for all t. Now we prove the orbital stability of the stationary solution found in 
the previous section. 
We define 



S = lu(x)e'^; 9 e S\\\u\\l2 = p,J(u) ^ inf Jm] ■ 

L {veH\ ||i-||^2=p} J 

Clearly, for any q G we have that u{x + q) E S. 

Definition 13 5* is orbitally stable if 

Ve, 3(5 > s.t. Vi/)o e i?^(M^), inf ||V'o - u\\hi < S implies 

V< > inf ||^(<, •) - < e 

where 4'{t,x) is the solution of ^ with initial data ^q. 



(45) 
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Let us suppose that S is not orbitally stable, i.e that 

Be, 3iJn{0,x) e iJi(R^), mf ||?A„(0,a;) - u\\hi miplies 



ues 



3tn>0 M \\ip„it,-) - u\\hi > e. 



We can suppose that ||?/;„(t„, a;)||i2 — ||V'n(0,x)||i2 = p. Indeed, if 

\\Un{t,x)\\L2 p 

there exists a sequence a„ — ||^^ ^| ^ such that ||a„Un||L2 = p and J(a„M„) — 
>/(un) — > 0. We notice that, denoting i/)„(t,a;) = u„(t, x)e*'^"(*''^\ 

JK(0,x)) ^ J(u), (46) 

i.e u„(0,x) is a minimizing sequence of J{u) on = p. Moreover, 

£;(^„(t„, x)) = i;(?A„(0, x)) ^ £;(fi(0, a:)) = J{u). (47) 
Hence we have that 

Un{tn,x) is a minimizing sequence on \\u\\i^2 = p. 

Now we prove that any minimizing sequence for J{u) on ||u||i2 — p does 
converge in H^. This proves clearly that S is orbitally stable. As a matter 
of fact this result can be proved, as claimed in [3], as a consequence of the 
concentration-compacteness principle of P.L. Lions [Z]-[H]- Here, in order to 
give a self contained and simpler formulation, we prove a "Splitting Lemma" 
which describes the behaviour the Palais-Smale sequences. This lemma is a well 
known result of Struwe [12] . To prove this Lemma we make the following growth 
assumption 

\F"{s)\ < cilsl"-^ + C2\s\P-^ for some 2<q<p<2*. (F^) 

We know that every critical point of J on ||u||i2 = p is still a critical point of 
a corresponding functional 



Jxiu) = J{u) - Ay u^dx (48) 
where A is the suitable Lagrange multiplier. 



or 



Lemma 14 Let |_Fo[ ) and (F^) hold, and let m„ he a Palais-Smale sequence fi 
J\ with A < and \ \un\\L2 p. Then there exist k sequence of points 
{1 < j < k) with |j/^J +00 such that, up to a subsequence: 

1. Un = + u^(x + y^J + Wn with Wn — S> m 

2. IKIIi2-^IKIIi2+E,ll^^-'lli. 

3. Jx{un) Jxiu°)+j:^Jx{u^) 
where vP and are weak solutions of (0). 
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The Proof of Lemma [HI is given in Appendix. 

Proposition 15 Suppose that for any p there exists I pi min J[u). 

Then, for any fi G (0, p) we have 

Ip2 <I^2+Ip2^^2. (49) 

Proof. We prove that Igp2 < 91 p2 for any p > and for any 9 > 1. We take u 
such that J{u) — Ip2. Thus, \\u{g^)\\j^2 — Op^. We have 



2: W J f 1/1 



2/N 

V<'^("(^jj=^(/^„f Wu\^+F{u)dx] (50) 



< 



6* ( / i|Vup + F{u)dx] = eip 



By simple arguments we obtain (UHl- In fact, if h{x) is a real function such that, 
for all X > and for all 6* > 1 

h{ex) < 9h{x) (51) 

then we have, for all y G (0, x) 

h{x) <h{y) + h{x-y). (52) 

■ 

With Lemma [T^ and Proposition [T5] we can prove the following Theorem. 



Theorem 16 Let J"Fo[ ), (^]) and (Fp) hold. Then S is orbitally stable 



Proof. Let, as before, u„(t„,a;) be a minimizing sequence of J on ||u||2^2 = p. 
By the Ekeland principle we can suppose that it is a Palais-Smale sequence for 
J and, thus, a Palais-Smale sequence for Jx with A < 0, as proved in Theorem 

m 

By Lemma [T4l and Proposition [T5] we have two cases: 

1. Un — + Wn with Wn — in H^. 

2. there exists a sequence ?/„ such that u„ = u^(x + ?/„) + w„ with u;„ -^■ 
in i/i. 

We have that e S". In both cases Theorem \W\ holds. ■ 

We give two examples of functions F which satisfy the assumption jFpl , 



1. F{s) = -i|s|4 + i|s|5 with iV = 3, 

2. F{s) = -j^^ with 2<p<q<2 + ^. 

With this potential we have that problem Q has a solution and that the 
nonlinear Schrodinger equation 

i^ + Ai^~F'{ij)=0 {t,x)eR+xR^ 

ffl 

ip{0,x) = il^oix) 
admits a stationary solution which is orbitally stable. 
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4 Appendix 



Proof of the splitting lemma. We do it by steps. 

Step I. There exists u'^ £ such that u„ u'^ in and uq is a weak solution 
of 0. 

In fact, we have that m„ is bounded in by hypothesis. Furthermore, using 
di^oD, we also have that m„ is bounded in H^. So there exist m° in such that 



Now, because m„ is a P-S sequence for J\, we have that for all ip e C|^(M^), 
y" Vu„(/) + y" F'{Un)ip~X J Unip^O. (53) 
We have that, for any compact set B, Un strongly in Lp{B) for 2 < p < 2*. 



Thus using (Fp) and the fact that m„ ^ u", we can conclude that w° is a weak 
solution of (0^ 

^tej? //. Setting = u„ — u", we have that 

llV-nllffi = ll^^n||ffi-||"°llHi+0(l) (54) 

J(V'„) = J(u„)-'/("°) + o(l)- (55) 
We have that -(/)„ ^ in Thus, obviously, 

\ur+ J l^n|'+0(l) 

In the same way, we can proceed with J |Vu„p, obtaining (|54p 
To obtain ([55]) . we prove that 



F(u„) - F(u°) - Fi^,,,) ^ 0. (56) 
For all i? > 0, we can write this integral as follows: 

Fiun) - Fiu"^) - F{^P„) = f [Fiu° + - F{u°)] - f F(u") + 



H" Br B'g 

+ J [F(u° + V^„) - F(^n)] - J Fi^n). 

Bg Br 

On every compact set, we have that i/^n — in for all 2 < p < 2* and that, 



by [f; 



[F{u° + ijn) - F{u°)] - J F{iPn) -> when n ^ 0. 

Br Br 
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Easily, we have also that 

F{uo) when i? -> oo. 



Finally, for some < 9 < 1, 



with ||it'^||^p(5c-) strongly in LP{B'^) when R ^ oo and 6u^ + tpn is bounded 
in LP{Bfl). By (F^ I, we have also that this term vanishes when R is sufficiently 



large, and this proves Step II. 

Step III. Set ipn = Un — u'^- If ipn ~^ in then there exists a sequence of 
points yn G M''^, with |y„| — > oo, and a function e iJ-^, ^ 0, such that 

M^ + yn)^u' eH\ (57) 

Notice that, if V'n strongly in the splitting lemma is proved. Other- 
wise, we start to prove that, when n oo, 



F'{Un)Un ~ F\u°)u° - F' {'^^Hn ^ 0. (58) 
As usual, for a fixed i? > 0, we have that both u„ li" and ■0„ — > in L'p{Bb) 



as n — >■ oo. So, by (F^ 



F'{un)un - F'{u'')u° - F'(V'„)V'n ^ 0. (59) 

Br 

Moreover, there exist 9,r], < 6,1] < 1 such that 
F'(w„)u„ - F'(w°)u" - F'(V'„)^„ = 

= J[F'{u"+^bn)^F{u')]u'+ y[^^'(u" + ^„)-F'(V^„)]^„ = 



c 



and we can conclude as above that for R sufficiently large this term vanishes. 

Using that it„ is a P-S sequence and that is a weak solution of (Q, we 
have that 

W^nW'm = J\Vu.n\^-J\Vu''\^+J\Ur.\^-J\u'>\'+o{l)^ 
= - J[F'{u^r.)Un~F\u'>y] + 

+ (A + 1) J[K\^~\u"\^]+oil) = 

= - /f'(V'„)^„ + (a + i) /|v^„p + o(i). 
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Now, for a fixed L > 0, we decompose into a numerable union of TV- 
dimensional hypercubes Qj, having edge L. 
By (^p, we have 



iiV'«iii^i+o(i) = -y i^'(V'„)V'« + (A + 1) j |7/^„p< 

< Cl ^ [||V„|li,(Q_) + ll^«|lip(Q_) + (A+ l)||V«|li2(Q^) 



<C72||V„||^i [i^ (L('^)||V„||^;(KiV) + (A + l)L('^)) +d„ 



where (i„ = supj ||'0n|lLP(^Q ) ^^'^ Ci7C'2 are positive constants. We can choose 
L small enough such that for a suitable C3 we have 

C:i\\lpn\\]jl < + 0(1). 

Because ^/'n in , we must have inf (i„ > 0. Thus there exists an a > 
and a sequence of index z„ such that 



||'(/'n||LP(Q,„) > a for all n. 



(60) 



We call Un the center of the hypercube Qi^. Because ipn in Lp{B) for any 
compact set B, we have that \yn \ — >■ 00 when n — > 00. 

Finally, we know that there exists a in such that 



1pn{- + Vn) 



(61) 



weakly in because the sequence V'nl' + 2/n) is bounded in H^, and by (j60p we 
conclude that ^ 0. 

/K The function is a weak solution of Q 
We know that ipnix + Un) weakly in and strongly in U'{B) for all 

B compact, 2 <p <2*. So it is sufficient to prove that, for all ip e C^{EJ^), 

Vipnix + 2/„)V<^(a;) + F'{ipn{x + yn))ip{x) - Xipnix + yn)v(.x)dx 0. (62) 

After a change of variables we obtain 

VV'„(a;)V93(x - yn) + F'(?/;„(a;))i^(a; - ?/„) - AV'„(x)(y5(a; - yn)dx, 



and, using that is a weak solution of Q and that u„ is a P-S sequence, we 
have that 



Vlpn{x)V(p{x - yn) - Xlpn{x)ip{x - yn)dx = 

F'{unix))ip{x~yn)+ I F\u\x))^{x-yr:} + o(l). 



15 



Thus we prove that 

[F'i^^ix)) - F'iunix)) + F'{u°ix))]ipix - y„) ^ as n ^ oo. (63) 



As usual, for fixed B, wc can spht this integral as follows 

[F'(V'„(x)) - F'{ur,{x)) + F'{u"{x))]ipix - y„) 



[F'{u'>{x))-F'{un{x))]ipix-yn) + J F' (u\x))^{x - Vr,) + 

Br Bg 



[F'{i,n{x))-F'{Un{x))Mx-y^) + J F'{Mx)Mx-yn). 
Bg Br 

All the integrals over Bfj are definitively because ip has compact support and 
\yn\ oo. Moreover, we observe that J \F' {u^)\p^ — > as i? — > oo. 

Finally, for some < 6 < 1, 

[F'iM^)) - F'{un{x))]ip{x - Vn) = 



F"{Mx) + eu\x))^{x - y„)w°(x) ^ 0, 
as usual. 

Step V. Conclusion. 

We can now iterate this procedure by defining a function 

Ipnix) = 1pn{x + yn) - U^{x). 

We have that ||u„||^i = ||u°||^i + \\u^\\hi + If ipi ^ strongly in 

H^, the lemma is proved. Otherwise, we have that V'n ^ in and there 
exist a sequence of point with \y^ \ oo and a function in such that 
ipn{x + yl^) — ^ in H^. Furthermore is a weak solution of Q, and so on. 

We can have a finite number of iterative steps. Indeed, there exists an a > 
such that 

> a for all j. (64) 

Hence, by (j54p and (1551) we get the claim. Now we prove We know 

that every is a weak solution of Q, so it belongs to the set 

A/':= |ueiJ\ M^O : J \\/u\^ + J F' {u)u - X J = 0^ . (65) 

We want to prove that 

inf llwllifi = a > (66) 

ul£j\f 
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Notice that, because A < 0, then we can endow with the following 
equivalent norm: 

\M\m= f \Vu\^-X [\u\^. (67) 



Wc suppose, by contradiction, that there exists a sequence Wn G Af with 
Ill^Wnllli/i 0- We can set Wn = tnVn with |||wn|||//i = Ij thus tn — 0. 
We have 



= y |Vu;„P + j F'{Wn)Wn -X I wl^ \\\Wn\\\H^ + / F' {Wn)Wn 
= tl+tn j F'{Wn)Vn. 



Thus, 



tn = - j F'{Wn)Vn<Ci j \tnVn\^ ^Vn + C2 j ItnVn}"^ ^Vn < 
<C,tl-' J \Vnf + C2tl-'J K|«; 

and this lead to a contradiction. Indeed, if is bounded in then it is 
bounded in for all 2 < p < 2*, and by hypothesis t„ — >■ 0. ■ 
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